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ABSTRACT 
Differential equations are fundamental and importance in engineering and mathematics because any physical laws and 

relations appear mathematically in the form of such equations. In this paper, we will discuss system of ordinary 

differential equations by using Shehu transform. 
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I. INTRODUCTION 

 
Many problems in engineering and science can be formulated in terms of differential equations. The ordinary 

differential equations arise in many areas of Mathematics, as well as in Sciences and Engineering.  

Given the set of numbers 𝑎𝑖𝑗  and functions 𝑓𝑖(𝑡), the expression. 

𝑑𝑦𝑖

𝑑𝑡
= ∑ 𝑎𝑖𝑗

𝑛

𝑗=1

𝑦𝑗𝑓𝑖(𝑡)   (𝑖 = 1, 2, … , 𝑛) 

Which is equivalent to: 
𝑑𝑦1

𝑑𝑡
= 𝑎11𝑦1 + 𝑎12𝑦2 + ⋯ + 𝑎1𝑛𝑦𝑛 + 𝑓1(𝑡) 

𝑑𝑦2

𝑑𝑡
= 𝑎21𝑦1 + 𝑎22𝑦2 + ⋯ + 𝑎2𝑛𝑦𝑛 + 𝑓2(𝑡) 

… 
𝑑𝑦2

𝑑𝑡
= 𝑎𝑛1𝑦1 + 𝑎𝑛2𝑦2 + ⋯ + 𝑎𝑛𝑛𝑦𝑛 + 𝑓𝑛(𝑡) 

Is called a system of linear nonhomogeneous DE with constant coefficients 

In order to solve the certain system of ordinary differential equations integral transforms are widely used. In this paper, 

we will be discussed about the solution of system of ordinary differential equations using Shehu transform. 

 

II. SHEHU TRANSFORM 
 

Definition: A new transform called the Shehu transform of the function 𝑣(𝑡) belonging to a class 𝐴, where  

𝐴 = { 𝑣(𝑡): ∃ 𝑁, 𝜂1, 𝜂2 > 0, |𝑣(𝑡)| < 𝑁𝑒
|𝑡|

𝜂𝑖 , 𝑖𝑓 𝑡 ∈ (−1)𝑖  × [0 ∞) } 

Where 𝑣(𝑡) defined by 𝕊[𝑣(𝑡)] and is given by: 

                         𝕊[𝑣(𝑡)] = 𝑉(𝑠, 𝑢) = ∫ 𝑒
(

−𝑠𝑡

𝑢
)
𝑣(𝑡)𝑑𝑡

∞

0

          (1.1) 

  And the inverse Shehu transform is defined as 

                               𝕊−1[𝑉(𝑠, 𝑢)] = 𝑣(𝑡)for 𝑡 ≥ 0                                        1.2   
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Property of the SHEHU TRANSFORM 

Property 1. Linearity property of Shehu transform. Let the functions 𝛼𝑣(𝑡) and 𝛽𝑤(𝑡) be in set 𝐴, then (𝛼𝑣(𝑡)  +
 𝛽𝑤(𝑡))  ∈ 𝐴, where 𝛼 and 𝛽 are nonzero arbitrary constants, and  𝕊[𝛼𝑣(𝑡)  +  𝛽𝑤(𝑡)]  =  𝛼𝕊 [𝑣(𝑡)] +  𝛽𝕊 [𝑤(𝑡)]  
Proof: Using the Definition (1.1) of Shehu transform, we get 

                              𝕊 [𝛼𝑣(𝑡) +  𝛽𝑤(𝑡)] = ∫ 𝑒
(

−𝑠𝑡

𝑢
)(𝛼𝑣(𝑡)  +  𝛽𝑤(𝑡))𝑑𝑡                        1.3

∞

0

 

                                                               = ∫ 𝑒
(

−𝑠𝑡

𝑢
)
𝛼𝑣(𝑡)𝑑𝑡

∞

0
∫ 𝑒

(
−𝑠𝑡

𝑢
)
𝛽𝑤(𝑡)𝑑𝑡

∞

0
    

                                                               = 𝛼 ∫ 𝑒
(

−𝑠𝑡

𝑢
)
𝑣(𝑡)𝑑𝑡

∞

0
+ 𝛽 ∫ 𝑒

(
−𝑠𝑡

𝑢
)
𝑤(𝑡)𝑑𝑡

∞

0
 

                         = 𝛼𝕊[𝑣(𝑡)] + 𝛽𝕊[𝑤(𝑡)] 
 

Property 2. Let the function 𝑣(𝛽𝑡) be in set 𝐴, where 𝛽 is an arbitrary constant. Then 

         𝕊[𝛽𝑣(𝑡)] =
𝑢

𝛽
𝑉 (

𝑠

𝛽
, 𝑢) 

Using the Definition 1.1 of Shehu transform, we deduce 

                                      𝕊[𝛽𝑣(𝑡)] = ∫ 𝑒
(

−𝑠𝑡

𝑢
)
𝑣(𝛽𝑡)𝑑𝑡

∞

0

                                1.4 

Substituting 𝑥 =  𝛽𝑡 ⇒ 𝑡 =
𝑥

𝛽
 and 

𝑑𝑡

𝑑𝑥
=

1

𝛽
⇒ 𝑑𝑡 =

𝑑𝑥

𝛽
 in equation 1.4 yield  

     𝕊[𝛽𝑣(𝑡)] =
1

𝛽
∫ 𝑒

(
−𝑠𝑥

𝑢𝛽
)
𝑣(𝑥)𝑑𝑥

∞

0

 

                          =
1

𝛽
∫ 𝑒

(
−𝑠𝑡

𝑢𝛽
)
𝑣(𝑡)𝑑𝑡

∞

0

 

                                  =
𝑢

𝛽
∫ 𝑒

(
−𝑠𝑡

𝛽
)
𝑣(𝑢𝑡)𝑑𝑡

∞

0

   

                 =
𝑢

𝛽
𝑉 (

𝑠

𝛽
, 𝑢) 

 

Property3: Derivative of Shehu transform. If the function 𝑣(𝑛)(𝑡) is the nth derivative of the function 𝑣(𝑡)  ∈  𝐴 with 

respect to 𝑡, then its Shehu transform is defined by 

𝕊[𝑣(𝑛)(𝑡)] =
𝑠𝑛

𝑢𝑛
𝑉(𝑠, 𝑢) − ∑ (

𝑠

𝑢
)

𝑛−(𝑘+1)

𝑣(𝑘)(0)

𝑛−1

𝑘=0

                     1.5 

When 𝑛 = 1, we obtain the following derivatives with respect to 𝑡. 

 𝕊[𝑣(1)(𝑡)] = 𝕊[𝑣′(𝑡)] =
𝑠

𝑢
𝑉(𝑠, 𝑢) − 𝑣(0)                                     1.6 

When 𝑛 = 1, we obtain the following derivatives with respect to 𝑡. 

   𝕊[𝑣(2)(𝑡)] = 𝕊[𝑣′′(𝑡)] =
𝑠2

𝑢2
𝑉(𝑠, 𝑢) −

𝑠

𝑢
𝑣(0) − 𝑣′(0)                1.7 

Assume that equation 1.5 true for 𝑛 = 𝑘. Now we want to show that for 𝑛 = 𝑘 + 1 

                   𝕊[𝑣(𝑘+1)(𝑡)] = 𝕊[(𝑣(𝑘)(𝑡))′] =
𝑠

𝑢
𝑆[𝑣(𝑘)(𝑡)] − 𝑣(𝑘)(0) using equation 1.6 

 

                                               =
𝑠

𝑢
[

𝑠𝑘

𝑢𝑘
𝕊[𝑣(𝑡)] − ∑ (

𝑠

𝑢
)

𝑘−(𝑖+1)

𝑣(𝑖)(0)

𝑘−1

𝑖=0

] 𝑣(𝑘)(0) 
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                        = (
𝑠

𝑢
)

𝑘+1

𝕊[𝑣(𝑡)] − ∑ (
𝑠

𝑢
)

𝑘−𝑖

𝑣(𝑖)(0)

𝑘

𝑖=0

 

which implies that Eq (1.5) holds for 

 𝑛 =  𝑘 + 1. By induction hypothesis the proof is complete 

 

Property 4: Let the function 𝑣(𝑡) = 1 be in set 𝐴. Then its Shehu transform is given by  

      𝕊[1] =
𝑢

𝑠
                 

Poof: Using equation 1.1 

      𝕊[1] = ∫ 𝑒
(

−𝑠𝑡

𝑢
)

∞

0

𝑑𝑡 

                                       = −
𝑢

𝑠
lim
𝜂→∞

[𝑒
(

−𝑠𝜂

𝑢
)
]

0

∞

=
𝑢

𝑠
 

 

Property 5: Let the function 𝑣(𝑡)  =  𝑠𝑖𝑛(𝛼𝑡) be in set A. Then its Shehu transform is given by 

   𝕊[ 𝑠𝑖𝑛(𝛼𝑡)] =
𝛼𝑢2

𝑠2 + 𝛼2𝑢2
 

 

Property 6: Let the function  𝑣(𝑡) =  𝑡𝑒𝑥𝑝(𝛼𝑡) and 𝑣(𝑡) =  𝑡𝑒𝑥𝑝(𝛼𝑡) be in set A. Then its Shehu transform is given 

by    
𝑢2

(𝑠−𝛼𝑢)2  and 
𝑢

(𝑠−𝛼𝑢
 respectively 

 

Property 7: Let the function 𝑣(𝑡) = 𝑡𝑛 be in set 𝐴. Then its Shehu transform is given by  

      𝕊[𝑡𝑛 ] = 𝑛! (
𝑢

𝑠
)

𝑛+1

            for 𝑛 = 0, 1, 2 …     

 

Shehu transform for handling system of linear ordinary differential equations 

Example 1: Now consider the following system of differential equations 

                                 {

𝑑𝑥

𝑑𝑡
= 𝑥      

𝑑𝑦

𝑑𝑡
= 𝑥 − 𝑦

                                1.8  with initial condition 𝑥(0) = 1, 𝑦(0) = 2 

Solution: Taking the Shehu transform equation (1.8) and using the property of Shehu transform we have: 
𝑠

𝑢
𝑋(𝑠, 𝑢) − 𝑥(0) = 𝑋(𝑠, 𝑢)                   1.8 ∗          

         
𝑠

𝑢
𝑌(𝑠, 𝑢) − 𝑦(0) = 𝑋(𝑠, 𝑢) − 𝑌(𝑠, 𝑢)      1.8 ∗∗               

Using the initial condition 𝑥(0) = 1 from (1.8 ∗)and 𝑦(0) = 2 from 1.8 ∗∗ we obtained: 
𝑠

𝑢
𝑋(𝑠, 𝑢) − 1 = 𝑋(𝑠, 𝑢)                   1.9 ∗        

  
𝑠

𝑢
𝑌(𝑠, 𝑢) − 2 = 𝑋(𝑠, 𝑢) − 𝑌(𝑠, 𝑢)      1.9 ∗∗  

From  1.9 ∗  we get,  𝑋(𝑠, 𝑢) =
𝑢

𝑠−𝑢
 

and therefore, by the inverse Shehu transform, we obtain that 

𝑥(𝑡) = 𝑒𝑥 

Now Substituting 𝑋(𝑠, 𝑢) =
𝑢

𝑠−𝑢
, we obtained: 

𝑌(𝑠, 𝑢) =
𝑢(2𝑠 − 𝑢)

(𝑠 − 𝑢)(𝑠 + 𝑢)
=

𝑢

2(𝑠 − 𝑢)
+

3𝑢

2(𝑠 + 𝑢)
 

and therefore, by the inverse Shehu transform, we obtain that 

𝑦(𝑡) =
1

2
𝑒𝑥 +

3

2
𝑒−𝑥 
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Therefore, system (1.8) has the following pair of solutions: 

𝑥(𝑡) = 𝑒𝑥   𝑦(𝑡) =
1

2
𝑒𝑥 +

3

2
𝑒−𝑥 

 

Example 2: Solve the following system of differential equations 

{

𝑑𝑥

𝑑𝑡
+ 𝑥 = 𝑦(𝑡) + 𝑒𝑡       

𝑑𝑦

𝑑𝑡
+ 𝑦 = 𝑥 + 𝑒𝑡              

                        1.10    

With initial conditions 𝑦(0) =  𝑥(0) = 1  

We apply the Shehu transform to the DEs and for simplicity we write X and Y instead  

of 𝑋(𝑠, 𝑢) and 𝑌(𝑠, 𝑢) 

                       {

𝑠

𝑢
𝑋 − 𝑥(0) + 𝑋 = 𝑌 +

𝑢

𝑠 − 𝑢
               

𝑠

𝑢
𝑌 − 𝑦(0) + 𝑌 = 𝑋 +

𝑢

𝑠 − 𝑢
             

              1.11        

Using the given initial condition equation (1.11) is equal to  
𝑠

𝑢
𝑋 − 1 + 𝑋 = 𝑌 +

𝑢

𝑠 − 𝑢
                              1.11 ∗ 

𝑠

𝑢
𝑌 − 1 + 𝑌 = 𝑋 +

𝑢

𝑠 − 𝑢
                  1.11 ∗∗ 

Now, by rearranging 1.11 ∗ we do have: 

𝑋 (
𝑠

𝑢
+ 1) = 𝑌 +

𝑢

𝑠 − 𝑢
+ 1 

⟹ 𝑋 = (
𝑢

𝑠 + 𝑢
) 𝑌 +

𝑢2

(𝑠 − 𝑢)(𝑠 + 𝑢)
+

𝑢

𝑠 + 𝑢
 

Now, the value of 𝑋 = (
𝑢

𝑠+𝑢
) 𝑌 +

𝑢2

(𝑠−𝑢)(𝑠+𝑢)
+

𝑢

𝑠+𝑢
 from  1.11 ∗∗ 

                             ⟹
𝑠

𝑢
𝑌 − 1 + 𝑌 = (

𝑢

𝑠 + 𝑢
) 𝑌 +

𝑢2

(𝑠 − 𝑢)(𝑠 + 𝑢)
+

𝑢

𝑠 + 𝑢
+

𝑢

𝑠 − 𝑢
 

                       ⟹ (
𝑠

𝑢
+ 1 −

𝑢

𝑠 + 𝑢
) 𝑌 =

𝑢2

(𝑠 − 𝑢)(𝑠 + 𝑢)
+

𝑢

𝑠 + 𝑢
+

𝑢

𝑠 − 𝑢
+ 1 

After, some simplification we get 

⟹ 𝑌 (
𝑠2 + 2𝑠𝑢

𝑢(𝑠 + 𝑢)
) =

𝑠2 + 2𝑠𝑢

(𝑠 − 𝑢)(𝑠 + 𝑢)
 

⟹ 𝑌 =
𝑢

𝑠 − 𝑢
                                           

and therefore, by the inverse Shehu transform, we obtain that 

𝑦(𝑡) = 𝑒𝑡 

Now, substituting the value of 𝑌 =
𝑢

𝑠−𝑢
 in to 𝑋 = (

𝑢

𝑠+𝑢
) 𝑌 +

𝑢2

(𝑠−𝑢)(𝑠+𝑢)
+

𝑢

𝑠+𝑢
, we have 

 

𝑋 = (
𝑢

𝑠 + 𝑢
) (

𝑢

𝑠 − 𝑢
) +

𝑢2

(𝑠 − 𝑢)(𝑠 + 𝑢)
+

𝑢

𝑠 + 𝑢
 

⟹ 𝑋 =
2𝑢2

(𝑠 − 𝑢)(𝑠 + 𝑢)
+

𝑢

𝑠 + 𝑢
                                        

 ⟹ 𝑋 =
2𝑢2 + 𝑢(𝑠 − 𝑢)

(𝑠 − 𝑢)(𝑠 + 𝑢)
=

𝑢

𝑠 − 𝑢
      

 

So, by the inverse Shehu transform we get that 

𝑥(𝑡) = 𝑒𝑡 
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Therefore, system (1.10) has the following pair of solutions 

𝑦(𝑡) = 𝑒𝑡 

𝑥(𝑡) = 𝑒𝑡 

 

III. CONCLUSION 
 

In this paper, we have successfully discussed the Shehu transform for the solution of system of differential equations. 
We also successfully found an exact solution in all examples. 
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